The compositions hf, hg of phantom pair /, g and a phantom map h are homotopic. The compositions hf, kf of phantom pair h, k and a phantom map / are homotopic. We determine the homotopy set [K(Z, m) xS n , K(Z, m) xS 71 ] and its monoid structure given by the composition of maps for all m, n^l.
Introduction
Two continuous maps /, g : X-*Y are called a phantom pair, if the restriction maps f\ X n , g\X n on the n -skeleton X n are homotopic for all n^Q or equivalently q n f and q n g are homotopic for all n^Q where q n : Y-*Y n is the Postnikov n -stage of Y. A characterization of a phantom pair is given by Theorem 3.6 of [5] which is a generalization of [11] . When g is the constant map, / is called a phantom map. When g is an identity map, / is called a weak identity map. Many topologists studied properties of phantom maps [3, 11] . We also studied properties of phantom pairs [5] . J. Roitberg [6] studied the set WI(X) of weak identities of X. In this paper, we shall work in the category of nilpotent CW-complexes with base point and base point preserving continuous maps except for some special cases. We use the notations and terminologies of [5, 11] . C. A. McGibbon and B. Gray [3] proved that the composition of phantom maps is homotopic to the constant map. In this paper, we shall generalize this result for more general cases. J. Roitberg [7] 
is given in section 4 with a little different form. We can determine the multiplication of matrices corresponding to the composition of maps which is described in Theorem 3.2, 3.3 and 4.3. From these results, we can easily determine Aut(K(Z, m)xS n ) and WI(K(Z, m)xS n ). The author would like to thank professor J. M. M011er for useful advice, Matematisk Institut of K0benhavns Universitet for the invitation and the assistance and also the referee for his kind advice and suggestion. § 1.
Phantom Maps and Weak Identities
In this section, we generalize the results of J. Roitberg [6] and B. Gray and C. A. McGibbon [3] . They proved that the composition of phantom maps is homotopic to the constant map. This statement is generalized to Theorem 1.1 and 1.4. J. Roitberg proved also that weak identities of X are described by phantom maps of X for homotopy associative //-spaces X, and the group WI(X) is a divisible abelian group which does not depend on the multiplication of X. We generalize the results for rational //-spaces (Theorem 1.7). By Theorem B of [11] , h can be decomposed as h -kr Y where k : Y Q -*Z. By using the above result, we obtain the result by the following, By using this result, we obtain the next corollary (cf. [3, 6] Proof. By the assumption and the universality of the completion, /" and g" are homotopic and also q n f^Qng-Hence we have (q n f) P^( qng)p by the above remark. Since the homotopy groups of X p and Y p are finitely generated over Z~/Z, (/), and (g) p are homotopic by Theorem 2.1 of [9] .
The dual version of Theorem 1.1 is obtained by the similar method.
Theorem 1.4. Let X, Y and Z be nilpotent CW-complexes of finite type and ni(Y), 7Ti(Z) finite groups. Let f : X-+Y be a phantom map and g, h : Y-+Z a phantom pair. Then gf and hf are homotopic.
A map / : X-+X is called a weak identity, if / and identity map id x are a phantom pair. Let WI(X) be the set of weak identities of X. We prepare some elementary results. Let X be a rational //-space. We consider the arithmetic square (cf . [2, 5] ) :
where p : X P -»X is the homotopy fiber of e" : X-*X~ and BX P is the classifying space of X p . Note that X p , X Q , XQ and B X p are products of Eilenberg-MacLane spaces and the upper sequence of (1.5) does not depend on the structure of a rational //-space.
Let /Jt: X p xX->X be the action of the principal fibration e~ : X-*X~ which satisfies e~fjt^e~xx>
Hence the homotopy set [Z, X p~\ acts on [Z, X~\ by the formula where 0 : Z-*X P , f : Z-*X. This action satisfies the next formulas where 0 is the constant map, /: Z-*X and 0, 0: Z-+X P .
(1.6) (0+0)*/~0*(0*/)
Two maps 0*/ and / are a phantom pair for c^ : Z-+X 9 and / : Z-+X. Conversely if / and g are a phantom pair, $*g and / are homotopic for somê : Z-»X P . Now, there is a map, defined by @(0)=0*Idx. [X, A" p ] has an abelian group structure induced by the //-space structure of X p and WI(X) has a group structure defined by the composition. 
where ev is the evaluation map /•->/(*). The free part of ^-(Map^CS 71 , S n ; fe)) vanishes unless w is even, j=n -l. Thus we have the result for odd n. The result for the case n even and k=Q follows from the fact that (2.2) has a cross section. Finally since the Whitehead products [&, h] are not 0-homotopic for all &^0, /z^O and even w, a map /z : S n ->S n can not be lifted to Map(S n , S n ; k). Hence n n (ev) is a 0-map and we get the result. We can prove also this lemma by [10] . [5] , the latter set is equal to 0 by Theorem C of [11] .
Lemma 2.3. The homotopy set [K(Z, m),

Now we calculate the homotopy set \K(Z, m)xS
n , S n ] for m, n>l. Since S n is simply connected, it is sufficient to calculate the free homotopy set \_K(Z, m)xS n , S^ee. The free homotopy set \K(Z, m), Map(S re , S n ; fe)] frcc is equal to the based homotopy set \K(Z, m), Map(S n , S n ; fe)], because the fundamental group of Map(S ra , S n ; k) acts trivially on the free part of the homotopy group at least modulo torsion group by using the fibration (2.2). We can also prove it by the naturality of the forgetful functor from the based homotopy set to the free homotopy set. Hence we get the next result by Lemma 2.3 and Theorem D of [11] . 
c', d--]
Hence we can get the next lemma, which is the case except for (4) (a, e). 
